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1 Introduction
In [1] a wide class of 3-dimensional integrable PDEs of the form
m∑
j=1
aij(u) uj,t1 +
m∑
j=1
bij(u) uj,t2 +
m∑
j=1
cij(u) uj,t3 = 0, i = 1, ..., l, (1.1)
where u = (u1, . . . , um) was constructed. The coefficients of these PDEs were written in terms
of generalized hypergeometric functions [2]. By the integrability of (1.1) we mean the existence
of a pseudopotential representation1
ψt2 = A(p,u), ψt3 = B(p,u), where p = ψt1 . (1.2)
Such a pseudopotential representation is a dispersionless version [3, 4] of the zero curvature
representation, which is a basic notion in the integrability theory of solitonic equations (see
[5]). One of the interesting and attractive features of the theory of integrable systems (1.1)
is that the dependence of the pseudopotentials on p can be much more complicated then in
the solitonic case. In [6, 7] some important examples of pseudopotentials A,B related to the
Whitham averaging procedure for integrable dispersion PDEs and to the Frobenious manifolds
were found. These examples are related to the universal algebraic curve of genus g with M
punctures for arbitrary g, M . More precisely, the point
(
Appp
A2pp
, Ap
)
runs over a curve of genus
g while p runs over C and u are some coordinates on the moduli spaceMg,M of curves of genus
g with M punctures.
The pseudopotentials from [1] (see also [8]) were written in the following parametric form:
A = F1(ξ,u), p = F2(ξ,u),
where the ξ-dependence of the functions Fi is defined by the ODE
Fi,ξ = φi(ξ,u) · ξ
−s1(ξ − 1)−s2(ξ − u1)
−s3 ...(ξ − um)
−sm+2. (1.3)
Here s1, ..., sm+2 are arbitrary constants and φi are polynomials in ξ of degree m − k. These
pseudopotentials are related to rational algebraic curves. If s1 = ... = sm+2 = 0 and k = 0,
then they coincide with pseudopotentials from [6] related to M0,m+3.
In this paper we construct integrable systems (1.1) and pseudopotentials related to elliptic
curve. For these systems u = (u1, . . . , un, τ), where τ is the parameter of the elliptic curve.
Note that τ is also an unknown function in our systems (1.1). The coefficients of the systems
are expressed in terms of some elliptic generalization of hypergeometric functions in several
variables. These elliptic hypergeometric functions can be defined as solutions of the following
1This means that (1.1) is equivalent to the compatibility conditions for (1.2).
3
compatible linear overdetermined system of PDEs:
guαuβ = sβ
(
ρ(uβ − uα) + ρ(uα + η)− ρ(uβ)− ρ(η)
)
guα+
sα
(
ρ(uα − uβ) + ρ(uβ + η)− ρ(uα)− ρ(η)
)
guβ ,
guαuα = sα
∑
β 6=α
(
ρ(uα) + ρ(η)− ρ(uα − uβ)− ρ(uβ + η)
)
guβ+(∑
β 6=α
sβρ(uα − uβ) + (sα + 1)ρ(uα + η) + sαρ(−η) + (s0 − sα − 1)ρ(uα) + 2piir
)
guα−
s0sα(ρ
′(uα)− ρ
′(η))g,
gτ =
1
2pii
∑
β
(
ρ(uβ + η)− ρ(η)
)
guβ −
s0
2pii
ρ′(η)g
(1.4)
for a single function g(u1, . . . , un, τ). Here and in the sequel η = s1u1+ ...+snun+rτ+η0, s0 =
−s1 − ...− sn, where s1, ..., sn, r, η0 are arbitrary constants, and
θ(z) =
∑
α∈Z
(−1)αe2pii(αz+
α(α−1)
2
τ), ρ(z) =
θ′(z)
θ(z)
. (1.5)
In the above formulas and in the sequel we omit the second argument τ of the functions θ, ρ
and use the notation
ρ′(z) =
∂ρ(z)
∂z
, ρτ (z) =
∂ρ(z)
∂τ
, θ′(z) =
∂θ(z)
∂z
, θτ (z) =
∂θ(z)
∂τ
.
It turns out that the dimension of the space of solutions for (1.4) equals n+ 1.
The paper is organized as follows.
In Section 2 we describe some properties of elliptic hypergeometric functions needed for our
purposes. In particular, we present an integral representation similar to the representation for
the generalized hypergeometric function (see, for example [1]).
In Section 3 for any n we construct pseudopotentials (1.2) with k = 0 related to the elliptic
hypergeometric functions. The pseudopotential An(p, u1, ..., un, τ) is defined in a parametric
form by
An = Pn(g1, ξ), p = Pn(g0, ξ), (1.6)
where g1, g0 be linearly independent solutions of (1.4),
Pn(g, ξ) =
∫ ξ
0
Sn(g, ξ)e
2piir(τ−ξ) θ
′(0)−s1−...−snθ(u1)
s1...θ(un)
sn
θ(ξ)−s1−...−snθ(ξ − u1)s1...θ(ξ − un)sn
dξ, (1.7)
and
Sn(g, ξ) =
∑
1≤α≤n
θ(uα)θ(ξ − uα − η)
θ(uα + η)θ(ξ − uα)
guα − (s1 + ...+ sn)
θ′(0)θ(ξ − η)
θ(η)θ(ξ)
g. (1.8)
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We call them elliptic pseudopotential of defect 0. Such pseudopotentials define integrable sys-
tems of the form (1.1) with m = l = n + 1. In the case s1 = ... = sn = r = 0, η0 → 0 our
pseudopotentials coincide with elliptic pseudopotentials constructed in [6].
In Section 4 for k < n we construct pseudopotentials of defect k. These pseudopotentials
define systems (1.1) with m = n + 1, l = n + k + 1.
A special class of solutions for integrable systems (1.1) depending on several arbitrary
functions of one variable can be constructed by the method of hydrodynamic reductions [9, 10].
The hydrodynamic reductions are defined by pairs of integrable compatible (1+1)-dimensional
hydrodynamic type systems of the form
rit = v
i(r1, ..., rN)rix, i = 1, 2, ..., N. (1.9)
These integrable systems also are of interest themselves. A general theory of such type inte-
grable systems was developed in [11, 12].
Section 5 is devoted to hydrodynamic reductions of systems (1.1) constructed in Sections
3,4. In the case k = 0 the corresponding systems (1.9) are defined by
rit =
Sn(g1(u), ξi)
Sn(g2(u), ξi)
rix, (1.10)
where g1, g2 are linearly independent solutions of (1.4). For the pseudopotentials of defect k > 0
the corresponding formula is similar. The functions τ(r1, ..., rN), ξi(r
1, ..., rN), ui(r
1, ..., rN) are
defined by the following universal overdetermined compatible system of PDEs of the Gibbons-
Tsarev type [9, 13]:
∂αξβ =
1
2pii
(
ρ(ξα − ξβ)− ρ(ξα)
)
∂ατ, ∂α =
∂
∂rα
, (1.11)
∂α∂βτ = −
1
pii
ρ′(ξα − ξβ)∂ατ∂βτ, (1.12)
and
∂αuβ =
1
2pii
(
ρ(ξα − uβ)− ρ(ξα)
)
∂ατ, α = 1, ..., N, β = 1, ..., n. (1.13)
Recall that here τ is the second argument of the function ρ. It would be interesting to compare
formulas (1.11), (1.12) with formulas (3.23)-(3.26) from [14].
It is easy to verify that the system (1.11)-(1.13) is consistent. Therefore our (1+1)-
dimensional systems (1.10) admit a local parameterization by 2N arbitrary functions of one
variable.
For some very special values of parameters sα in (1.4) our systems (1.10) are related to the
Whitham hierarchies [6], to the Frobenious manifolds [7, 15], and to the associativity equation
[7, 15].
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2 Elliptic hypergeometric functions
Define a function θ in two variables z, τ by (1.5). We assume that Imτ > 0. The function θ is
called theta-function of order one in one variable. Recall the following useful formulas:
θ(z + 1) = θ(z) θ(z + τ) = −e−2piizθ(z),
θ(−z) = −e−2piizθ(z), θτ (z) =
1
4pii
θ′′(z)−
1
2
θ′(z).
The following statements can be verified straightforwardly.
Proposition 1. The system of linear equations (1.4) is compatible for any constants
s1, . . . , sn, r, η0. The dimension of the linear space H of solutions for system (1.4) is equal to
n+ 1. 
Remark 1. Some coefficients of (1.4) can be written in a factorized form using the following
identity
ρ(uβ − uα) + ρ(uα + η)− ρ(uβ)− ρ(η) = −
θ′(0)θ(uα − uβ + η)θ(uα)θ(uβ + η)
θ(uα − uβ)θ(uα + η)θ(uβ)θ(η)
.
We call elements of H elliptic hypergeometric functions.
Proposition 2. Define a function F (u1, ..., un, τ) by the following integral representation
F (u1, ..., un, τ) =
∫ 1
0
θ(u1 − t)
s1 ...θ(un − t)
snθ′(0)s1+...+sn+1θ(t + η)
θ(u1)s1...θ(un)snθ(t)s1+...+sn+1θ(η)
e2pii(s1+...+sn+r)tdt.
Then the function F satisfies system (1.4).
Proposition 3. Let H = Hs1,...,sn,r,η0 and H˜ = Hs1,...,sn,0,r,η0. Then H˜ is spanned by H and
by the function
Z(u1, ..., un, un+1, τ) =
∫ un+1
0
θ(u1 − t)
s1...θ(un − t)
snθ′(0)s1+...+sn+1θ(t+ η)
θ(u1)s1...θ(un)snθ(t)s1+...+sn+1θ(η)
e2pii(s1+...+sn+r)tdt.
(2.14)
Moreover, the space Hs1,...,sn,0,...,0,r,η0 (m zeros) is spanned by H and by Z(u1, ..., un, un+1, τ),
Z(u1, ..., un, un+2, τ), ..., Z(u1, ..., un, un+m, τ). 
In the simplest case n = 1 system (1.4) for a function g(u1, τ) has the following form
gu1u1 =
(
(s1 + 1)
θ′(u1 + η)
θ(u1 + η)
+ s1
θ′(−η)
θ(−η)
− (2s1 + 1)
θ′(u1)
θ(u1)
+ 2piir
)
gu1−
s21θ
′(0)2θ(u1 − η)θ(u1 + η)
θ(u1)2θ(−η)θ(η)
g,
gτ =
1
2pii
(θ′(u1 + η)
θ(u1 + η)
−
θ′(η)
θ(η)
)
gu1 +
s1
2pii
(ln θ(η))′′g.
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If s1 = 0, then the functions g = 1 and
g = Z(u1, τ) =
∫ u1
0
θ′(0)θ(t+ η)
θ(t)θ(η)
e2piirtdt
span the space of solutions. Moreover, Proposition 3 implies that the functions 1, Z(u1, τ), ...,
Z(un, τ) span the space of solutions of (1.4) in the case s1 = · · · = sn = 0.
3 Elliptic pseudopotentials of defect 0
For any elliptic hypergeometric function g ∈ H we put
Sn(g, ξ) =
∑
1≤α≤n
θ(uα)θ(ξ − uα − η)
θ(uα + η)θ(ξ − uα)
guα − (s1 + ...+ sn)
θ′(0)θ(ξ − η)
θ(η)θ(ξ)
g. (3.15)
Define Pn(g, ξ) by the formula (1.7) if Re (s1 + ...+ sn) > 1 and as the analytic continuation of
(1.7) otherwise.
Proposition 4. The following relations hold
(Pn(g, ξ))uα = −
guαθ(uα)θ(ξ − uα − η)
θ(uα + η)θ(ξ − uα)
e2piir(τ−ξ)
θ′(0)−s1−...−snθ(u1)
s1...θ(un)
sn
θ(ξ)−s1−...−snθ(ξ − u1)s1...θ(ξ − un)sn
, (3.16)
(Pn(g, ξ))τ =
( 1
2pii
(
∑
1≤α≤n
θ(uα)θ
′(ξ − uα − η)
θ(uα + η)θ(ξ − uα)
guα − (s1 + ...+ sn)
θ′(0)θ′(ξ − η)
θ(η)θ(ξ)
g)−
θ′(−η)
2piiθ(−η)
(
∑
1≤α≤n
θ(uα)θ(ξ − uα − η)
θ(uα + η)θ(ξ − uα)
guα − (s1 + ... + sn)
θ′(0)θ(ξ − η)
θ(η)θ(ξ)
g)
)
×
e2piir(τ−ξ)
θ′(0)−s1−...−snθ(u1)
s1...θ(un)
sn
θ(ξ)−s1−...−snθ(ξ − u1)s1 ...θ(ξ − un)sn
.
(3.17)
Proof. Taking the derivatives of (3.16), (3.17) with respect to ξ, one arrives at theta-
functional identities, which can be proved straightforwardly. Moreover, the values of the left
and the right hand sides of (3.16) and (3.17) are equal to zero at ξ = 0. 
Let g1, g0 be linearly independent elements of H. A pseudopotential An(p, u1, ..., un, τ)
defined in a parametric form by (1.6) is called elliptic pseudopotential of defect 0. Relations
(1.6) mean that to find An(p, u1, ..., un, τ), one has to express ξ from the second equation and
substitute the result into the first equation.
Let g0, g1, ..., gn ∈ H be a basis in H. Define pseudopotentials Bα(p, u1, ..., un, τ) of defect
0, where α = 1, ..., n, by
Bα = Pn(gα, ξ), p = Pn(g0, ξ), α = 1, ..., n. (3.18)
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Suppose that u1, ..., un, τ are functions of t0 = x, t1, ..., tn.
Theorem 1. The compatibility conditions ψtαtβ = ψtβ tα for the system
ψtα = Bα(ψx, u1, ..., un, τ), α = 1, ..., n, (3.19)
are equivalent to the following system of PDEs for u1, ..., un, τ :∑
1≤β≤n
(gqgr,uβ − grgq,uβ)(uβ,ts +
1
2pii
(
θ′(uβ + η)
θ(uβ + η)
−
θ′(η)
θ(η)
)τts)+
∑
1≤β≤n
(grgs,uβ − gsgr,uβ)(uβ,tq +
1
2pii
(
θ′(uβ + η)
θ(uβ + η)
−
θ′(η)
θ(η)
)τtq) + (3.20)
∑
1≤β≤n
(gsgq,uβ − gqgs,uβ)(uβ,tr +
1
2pii
(
θ′(uβ + η)
θ(uβ + η)
−
θ′(η)
θ(η)
)τtr) = 0,
∑
1≤β≤n,β 6=α
θ(uβ)θ(uα − uβ − η)
θ(uβ + η)θ(uα − uβ)
(gr,uαgq,uβ−gq,uαgr,uβ)(uα,ts−uβ,ts+
1
2pii
(
θ′(uα − uβ − η)
θ(uα − uβ − η)
−
θ′(−η)
θ(−η)
)τts)+
∑
1≤β≤n,β 6=α
θ(uβ)θ(uα − uβ − η)
θ(uβ + η)θ(uα − uβ)
(gs,uαgr,uβ−gr,uαgs,uβ)(uα,tq−uβ,tq+
1
2pii
(
θ′(uα − uβ − η)
θ(uα − uβ − η)
−
θ′(−η)
θ(−η)
)τtq )+
∑
1≤β≤n,β 6=α
θ(uβ)θ(uα − uβ − η)
θ(uβ + η)θ(uα − uβ)
(gq,uαgs,uβ−gs,uαgq,uβ)(uα,tr−uβ,tr+
1
2pii
(
θ′(uα − uβ − η)
θ(uα − uβ − η)
−
θ′(−η)
θ(−η)
)τtr)−
(s1 + ... + sn)
θ′(0)θ(uα − η)
θ(η)θ(uα)
(gqgr,uα − grgq,uα)(uα,ts +
1
2pii
(
θ′(uα − η)
θ(uα − η)
−
θ′(−η)
θ(−η)
)τts)−
(s1 + ...+ sn)
θ′(0)θ(uα − η)
θ(η)θ(uα)
(grgs,uα − gsgr,uα)(uα,tq +
1
2pii
(
θ′(uα − η)
θ(uα − η)
−
θ′(−η)
θ(−η)
)τtq )− (3.21)
(s1 + ... + sn)
θ′(0)θ(uα − η)
θ(η)θ(uα)
(gsgq,uα − gqgs,uα)(uα,tr +
1
2pii
(
θ′(uα − η)
θ(uα − η)
−
θ′(−η)
θ(−η)
)τtr) = 0,
where α = 1, ..., n. Here q, r, s run from 0 to n.
Proof. Taking into account (3.18), we find that the compatibility conditions for (3.19) are
equivalent to
n∑
α=1
(
((Pn(gq, ξ))ξ(Pn(gr, ξ))uα − (Pn(gr, ξ))ξ(Pn(gq, ξ))uα)uα,ts+
((Pn(gr, ξ))ξ(Pn(gs, ξ))uα − (Pn(gs, ξ))ξ(Pn(gr, ξ))uα)uα,tq+
((Pn(gs, ξ))ξ(Pn(gq, ξ))uα − (Pn(gq, ξ))ξ(Pn(gs, ξ))uα)uα,tr
)
+ (3.22)
((Pn(gq, ξ))ξ(Pn(gr, ξ))τ − (Pn(gr, ξ))ξ(Pn(gq, ξ))τ )τts+
8
((Pn(gr, ξ))ξ(Pn(gs, ξ))τ − (Pn(gs, ξ))ξ(Pn(gr, ξ))τ)τtq+
((Pn(gs, ξ))ξ(Pn(gq, ξ))τ − (Pn(gq, ξ))ξ(Pn(gs, ξ))τ)τtr = 0.
Using (1.7), (3.17), we rewrite (3.22) as follows:∑
1≤β≤n
θ(uβ)θ(ξ − uβ − η)
θ(uβ + η)θ(ξ − uβ)
(Sn(gq, ξ)gr,uβ − Sn(gr, ξ)gq,uβ)uβ,ts−
1
2pii
∑
1≤β≤n
θ(uβ)θ
′(ξ − uβ − η)
θ(uβ + η)θ(ξ − uβ)
(Sn(gq, ξ)gr,uβ − Sn(gr, ξ)gq,uβ)τts + (3.23)
1
2pii
(s1 + ... + sn)
θ′(0)θ′(ξ − η)
θ(η)θ(ξ)
(Sn(gq, ξ)gr − Sn(gr, ξ)gq)τts + (q, r, s) = 0,
where (q, r, s) means the cyclic permutation of q, r, s. Denote the left hand side of (3.23) by
Λ(ξ). One can check that
Λ(ξ + 1) = Λ(ξ), Λ(ξ + τ) = e4piiηΛ(ξ),
and the only singularities of Λ(ξ) are poles of order one at the points ξ = 0, u1, ..., un modulo
1, τ . This implies that Λ(ξ) = 0 iff the residues at these points are equal to zero. Calculating
the residue at ξ = 0, we get (3.20). The calculation of the residue at ξ = uα leads to (3.21). 
Remark 2. Given t1, t2, t3, Theorem 1 yields a 3-dimensional system of the form (1.1) with
l = m = n+ 1 possessing a pseudopotential representation.
Remark 3. Consider the case s1 = ... = sn = 0. We have
g = c0 + c1Z(u1, τ) + ... + cnZ(un, τ),
where c0, ..., cn are constants. Therefore,
Sn(g, ξ) =
∑
1≤α≤n
cαe
2piiruα
θ′(0)θ(ξ − uα − η0)
θ(η0)θ(ξ − uα)
.
If we assume r = 0 and c1 + ... + cn = 0, then in the limit η0 → 0 we obtain
Sn(g, ξ) =
∑
1≤α≤n
cαρ(ξ − uα).
A system of PDEs equivalent to compatibility conditions for equations of the form (3.22), was
called in [6] a Whitham hierarchy. In this paper I.M. Krichever constructed some Whitham
hierarchies related to algebraic curves of arbitrary genus g. The hierarchy corresponding to
g = 1 is equivalent to one described by Theorem 1 if r = s1 = . . . = sn = 0, c1 + .. + cn = 0,
and η0 → 0 as described above.
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4 Elliptic pseudopotentials of defect k > 0
In this section we construct elliptic pseudopotentials of defect k. Fix k linearly independent
elliptic hypergeometric functions h1, ..., hk ∈ H. For any g ∈ H define Pn,k(g, ξ) by the formula
Pn,k(g, ξ) =
1
∆
det

Pn(g, ξ) Pn(h1, ξ) ... Pn(hk, ξ)
gun−k+1 h1,un−k+1 ... hk,un−k+1
......... ... ... .........
gun h1,un ... hk,un
 . (4.24)
Here
∆ = det
 h1,un−k+1 ... hk,un−k+1......... ... .........
h1,un ... hk,un

and Pn(g, ξ) is given by (1.7). Notice that Pn,k(h1, ξ) = ... = Pn,k(hk, ξ) = 0. It is easy to see
that linear transformations of the form hi → ci1h1 + ...+ cikhk, g → g + d1h1 + ...+ dkhk with
constant coefficients cij, di do not change Pn,k(g, ξ).
One can verify that
(Pn,k(g, ξ))ξ = Sn,k(g, ξ)e
2piir(τ−ξ) θ
′(0)−s1−...−snθ(u1)
s1...θ(un)
sn
θ(ξ)−s1−...−snθ(ξ − u1)s1...θ(ξ − un)sn
, (4.25)
where
Sn,k(g, ξ) =
1
∆
(
∑
1≤α≤n−k
θ(uα)θ(ξ − uα − η)
θ(uα + η)θ(ξ − uα)
∆α(g)− (s1 + ... + sn)
θ′(0)θ(ξ − η)
θ(η)θ(ξ)
∆0(g)) (4.26)
and
∆α(g) = det

guα h1,uα ... hk,uα
gun−k+1 h1,un−k+1 ... hk,un−k+1
......... ... ... .........
gun h1,un ... hk,un
 ,
∆0(g) = det

g h1 ... hk
gun−k+1 h1,un−k+1 ... hk,un−k+1
......... ... ... .........
gun h1,un ... hk,un
 .
Proposition 5. The following relations hold
(Pn,k(g, ξ))uα = −
∆α(g)θ(uα)
∆θ(uα + η)
∑
n−k+1≤β≤n
θ(uβ − uα − η)(Pn,k(g, ξ))uβ
θ(uβ − uα)Sn,k(g, uβ)
− (4.27)
∆α(g)θ(uα)θ(ξ − uα − η)
∆θ(uα + η)θ(ξ − uα)
e2piir(τ−ξ)
θ′(0)−s1−...−snθ(u1)
s1...θ(un)
sn
θ(ξ)−s1−...−snθ(ξ − u1)s1...θ(ξ − un)sn
,
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where 1 ≤ α ≤ n− k, and
(Pn,k(g, ξ))τ =
1
2pii
∑
n−k+1≤β≤n
(Pn,k(g, ξ))uβ
Sn,k(g, uβ)
(S ′n,k(g, uβ)−
θ′(−η)
θ(−η)
Sn,k(g, uβ)) + (4.28)
1
2pii
(
S ′n,k(g, ξ)−
θ′(−η)
θ(−η)
Sn,k(g, ξ)
)
e2piir(τ−ξ)
θ′(0)−s1−...−snθ(u1)
s1...θ(un)
sn
θ(ξ)−s1−...−snθ(ξ − u1)s1 ...θ(ξ − un)sn
,
where
S ′n,k(g, ξ) =
1
∆
(
∑
1≤α≤n−k
θ(uα)θ
′(ξ − uα − η)
θ(uα + η)θ(ξ − uα)
∆α(g)− (s1 + ... + sn)
θ′(0)θ′(ξ − η)
θ(η)θ(ξ)
∆0(g)).
Moreover,
(Pn,k(g, ξ))uβ
Sn,k(g, uβ)
does not depend on g if n− k + 1 ≤ β ≤ n.
Proof. Taking the derivatives of (4.27), (4.28) with respect to ξ, one arrives at theta-
functional identities, which can be proved straightforwardly. Moreover, the values of the left
and the right hand sides of (4.27) and (4.28) are equal to zero at ξ = 0. 
Let g1, g2 ∈ H. Assume that g1, g2, h1, ..., hk are linearly independent. Define pseudopoten-
tial An,k(p, u1, ..., un, τ) in the parametric form by
An,k = Pn,k(g1, ξ), p = Pn,k(g2, ξ). (4.29)
To construct An,k(p, u1, ..., un, τ), one has to find ξ from the second equation and substitute
into the first one. The pseudopotential An,k(p, u1, ..., un, τ) is called elliptic pseudopotential of
defect k.
Theorem 2. Let g0, g1, ..., gn−k, h1, ..., hk ∈ H be a basis inH and pseudopotentials Bα, α =
1, ..., n− k are defined by
Bα = Pn,k(gα, ξ), p = Pn,k(g0, ξ), α = 1, ..., n− k.
Then the compatibility conditions for (3.19) are equivalent to the following system of PDEs for
u1, ..., un, τ :∑
1≤β≤n−k
(∆0(gq)∆β(gr)−∆0(gr)∆β(gq))(uβ,ts +
1
2pii
(
θ′(uβ + η)
θ(uβ + η)
−
θ′(η)
θ(η)
)τts)+
∑
1≤β≤n−k
(∆0(gr)∆β(gs)−∆0(gs)∆β(gr))(uβ,tq +
1
2pii
(
θ′(uβ + η)
θ(uβ + η)
−
θ′(η)
θ(η)
)τtq) + (4.30)
∑
1≤β≤n−k
(∆0(gs)∆β(gq)−∆0(gq)∆β(gs))(uβ,tr +
1
2pii
(
θ′(uβ + η)
θ(uβ + η)
−
θ′(η)
θ(η)
)τtr) = 0,
∑
1≤β≤n−k,β 6=α
θ(uβ)θ(uα − uβ − η)
θ(uβ + η)θ(uα − uβ)
(∆α(gr)∆β(gq)−∆α(gq)∆β(gr))×
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(uα,ts − uβ,ts +
1
2pii
(
θ′(uα − uβ − η)
θ(uα − uβ − η)
−
θ′(−η)
θ(−η)
)τts)+∑
1≤β≤n−k,β 6=α
θ(uβ)θ(uα − uβ − η)
θ(uβ + η)θ(uα − uβ)
(∆α(gs)∆β(gr)−∆α(gr)∆β(gs))×
(uα,tq − uβ,tq +
1
2pii
(
θ′(uα − uβ − η)
θ(uα − uβ − η)
−
θ′(−η)
θ(−η)
)τtq )+∑
1≤β≤n−k,β 6=α
θ(uβ)θ(uα − uβ − η)
θ(uβ + η)θ(uα − uβ)
(∆α(gq)∆β(gs)−∆α(gs)∆β(gq))×
(uα,tr − uβ,tr +
1
2pii
(
θ′(uα − uβ − η)
θ(uα − uβ − η)
−
θ′(−η)
θ(−η)
)τtr)−
(s1+...+sn)
θ′(0)θ(uα − η)
θ(η)θ(uα)
(∆0(gq)∆α(gr)−∆0(gr)∆α(gq))(uα,ts+
1
2pii
(
θ′(uα − η)
θ(uα − η)
−
θ′(−η)
θ(−η)
)τts)−
(s1+...+sn)
θ′(0)θ(uα − η)
θ(η)θ(uα)
(∆0(gr)∆α(gs)−∆0(gs)∆α(gr))(uα,tq+
1
2pii
(
θ′(uα − η)
θ(uα − η)
−
θ′(−η)
θ(−η)
)τtq )−
(4.31)
(s1+...+sn)
θ′(0)θ(uα − η)
θ(η)θ(uα)
(∆0(gs)∆α(gq)−∆0(gq)∆α(gs))(uα,tr+
1
2pii
(
θ′(uα − η)
θ(uα − η)
−
θ′(−η)
θ(−η)
)τtr) = 0,
where α = 1, ..., n− k and
n−k∑
α=1
∆α(gr)θ(uα)θ(uβ − uα − η)
∆θ(uα + η)θ(uβ − uα)
uα,ts−Sn,k(gr, uβ)uβ,ts−
1
2pii
(S ′n,k(gr, uβ)−
θ′(−η)
θ(−η)
Sn,k(gr, uβ))τts =
(4.32)
n−k∑
α=1
∆α(gs)θ(uα)θ(uβ − uα − η)
∆θ(uα + η)θ(uβ − uα)
uα,tr−Sn,k(gs, uβ)uβ,tr−
1
2pii
(S ′n,k(gs, uβ)−
θ′(−η)
θ(−η)
Sn,k(gs, uβ))τtr ,
where β = n− k + 1, ..., n. Here q, r, s run from 0 to n and t0 = x.
Proof is similar to the proof of Theorem 1. 
Remark 4. Given t1, t2, t3, Theorem 2 yields a 3-dimensional system of the form (1.1) with
m = n + 1, l = n + k + 1 possessing a pseudopotential representation. Indeed, formula (4.32)
gives 3k linearly independent equations if q, r, s = 1, 2, 3. Formulas (4.30), (4.31) give n−k+1
equations. On the other hand, one can construct exactly k linear combinations of equations
(4.32) with q, r, s = 1, 2, 3 such that derivatives of ui, i = n− k+1, ..., n cancel out. Moreover,
these linear combinations belong to the span of equations (4.30), (4.31). Therefore there exist
(n− k + 1) + 3k − k = n+ k + 1 linearly independent equations.
Remark 5. We have to assume n ≥ k + 2 in (4.30), (4.31), (4.32). Indeed, for n = k + 1
we cannot construct more then one pseudopotential and therefore there is no any system of
the form (1.1) associated with this case. However, the corresponding pseudopotential generates
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interesting integrable (1+1)-dimensional systems of hydrodynamic type (see Section 5). Prob-
ably these pseudopotentials for k = 0, 1, ... are also related to some infinite integrable chains of
the Benney type [16, 17].
System (4.30)-(4.32) possesses many conservation laws of the hydrodynamic type. In par-
ticular, the following statement can be verified by a straightforward calculation.
Proposition 6. For any r 6= s = 0, 1, ..., n, system (4.30)-(4.32) has k conservation laws of
the form: (
∆(gr, h1, ...ˆi...hk)
∆(h1, ..., hk)
)
ts
=
(
∆(gs, h1, ...ˆi...hk)
∆(h1, ..., hk)
)
tr
, (4.33)
where i = 1, ..., k. Here
∆(f1, ..., fk) = det
 f1,un−k+1 ... fk,un−k+1......... ... .........
f1,un ... fk,un
 . 
Proposition 6 allows us to define functions z1, ..., zk such that
∆(gr, h1, ...ˆi...hk)
∆(h1, ..., hk)
= zi,tr (4.34)
for all i = 1, ..., k and r = 0, 1, ..., n.
Suppose n + 1 ≥ 3k; then the system of the form (1.1) obtained from (4.30)-(4.32) with
q, r, s = 1, 2, 3 consists of 3k equations (4.32) (they are equivalent to (4.33)) and n + 1 − 2k
equations of the form (4.30), (4.31). Indeed, only n+1−2k equations (4.30), (4.31) are linearly
independent from (4.32). Expressing τ, u1, ..., u3k−1 in terms of zi,t1 , zi,t2 , zi,t3 , i = 1, ..., k from
(4.34) and substituting into n + 1 − 2k equations of the form (4.30), (4.31), we obtain a 3-
dimensional system of n+1− 2k equations for n+1− 2k unknowns z1, ..., zk, u3k, ...un. This is
a quasi-linear system of the second order with respect to zi and of the first order with respect
to uj, whose coefficients depend on zi,t1 , zi,t2 , zi,t3 , i = 1, ..., k, and u3k, ...un. It is clear that
the general solution of the system can be locally parameterized by n + 1 − k functions in two
variables.
In the case 2k ≤ n + 1 < 3k the functions zi,t1 , zi,t2 , zi,t3 , i = 1, ..., k are functionally
dependent. We have 3k − n− 1 equations of the form
Ri(z1,t1 , z1,t2 , z1,t3 , ..., zk,t1 , zk,t2, zk,t3) = 0, i = 1, ..., 3k − n− 1
and n+1−2k second order quasi-linear equations. Totally we have (3k−n−1)+(n+1−2k) = k
equations for k unknowns z1, ..., zk. It is clear that the general solution of this system can be
locally parameterized by n+ 1− k functions in two variables.
Suppose n + 1 < 2k; then we have n + 1 + k < 3k, which means that 3k equations of the
form (4.32) are linearly dependent. Probably in this case the general solution of the system
can also be locally parameterized by n + 1− k functions in two variables.
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One of the most interesting cases is n + 1 = 3k, when we have a system of k quasi-linear
second order equations for the functions z1, ..., zk. The simplest case is k = 2.
5 Integrable (1+1)-dimensional hydrodynamic-type sys-
tems and hydrodynamic reductions
In this section we present integrable (1+1)-dimensional hydrodynamic type systems (1.9) con-
structed in terms of elliptic hypergeometric functions. These systems appear as the so-called
hydrodynamic reductions of our elliptic pseudopotentials An,k. Results and formulas of this
section look similar to the rational case (see [1]). By integrability of (1.9) we mean the exis-
tence of infinite number of hydrodynamic commuting flows and conservation laws. It is known
[12] that this is equivalent to the following relations for the velocities vi(r1, ..., rN):
∂j
∂iv
k
vi − vk
= ∂i
∂jv
k
vj − vk
, i 6= j 6= k. (5.35)
Here ∂α =
∂
∂ri
, α = 1, . . . , N . The system (1.9) is called semi-Hamiltonian if conditions (5.35)
hold.
The main geometrical object related to any semi-Hamiltonian system (1.9) is a diagonal
metric gkk, k = 1, . . . , N , where
1
2
∂i log gkk =
∂iv
k
vi − vk
, i 6= k. (5.36)
In view of (5.35), the overdetermined system (5.36) is compatible and the function gkk is defined
up to an arbitrary factor ηk(r
k). The metric gkk is called the metric associated with (1.9).
It is known that two hydrodynamic type systems are compatible iff they possess a common
associated metric [12].
A diagonal metric gkk is called a metric of Egorov type if for any i, j
∂igjj = ∂jgii. (5.37)
Note that if an Egorov-type metric associated with a hydrodynamic-type system of the form
(1.9) exists, then it is unique. For any Egorov’s metric there exists a potential G such that gii =
∂iG. Semi-Hamiltonian systems possessing associated metrics of Egorov type play important
role in the theory of WDVV associativity equations and in the theory of Frobenious manifolds
[7, 15, 18].
Let τ(r1, ..., rN), ξ1(r
1, ..., rN), ..., ξN(r
1, ..., rN) be a solution of the system (1.11), (1.12).
It can be easily verified that this system is in involution and therefore its solution admits a
local parameterization by 2N functions of one variable. Let u1(r
1, ..., rN), ..., un(r
1, ..., rN) be a
solution of the system (1.13). It is easy to verify that this system is in involution for each fixed
β and therefore has an one-parameter family of solutions for fixed ξi, τ .
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Consider the following system
rit =
Sn,k(g1, ξi)
Sn,k(g2, ξi)
rix, (5.38)
where g1, g2 are linearly independent solutions of (1.4), the polynomials Sn,k, k > 0 are defined
by (4.26), and Sn,0 = Sn (see (3.15)).
Theorem 3. The system (5.38) is semi-Hamiltonian. The associated metric is given by
gii =
(
Sn,k(g, ξ)e
2piir(τ−ξ) θ
′(0)−s1−...−snθ(u1)
s1...θ(un)
sn
θ(ξ)−s1−...−snθ(ξ − u1)s1...θ(ξ − un)sn
)2
∂iτ.
Proof. Substituting the expression for the metric into (5.36), where vi are specified by
(5.38), one obtains the identity by virtue of (1.4) and (1.11)-(1.13). 
Remark 6. The system (5.38) does not possess the associated metric of the Egorov type
in general. However, for very special values of the parameters si in (1.4) there exists g2 ∈ H
such that the metric is of the Egorov type for all solutions of the system (1.11)-(1.13).
Proposition 7. Suppose that a solution ξ1, ..., ξN , τ, u1, ..., un of (1.11)-(1.13) is fixed.
Then the hydrodynamic type systems
rit1 =
Sn,k(g1, ξi)
Sn,k(g3, ξi)
rix, r
i
t2
=
Sn,k(g2, ξi)
Sn,k(g3, ξi)
rix (5.39)
are compatible for all g1, g2.
Proof. Indeed, the metric associated with (5.38) does not depend on g2. Therefore the
systems (5.39) has a common metric depending on g3 and on a solution of (1.11)-(1.13). 
Remark 7. One can also construct some compatible systems of the form (5.39) using
Proposition 3. Set g2 = Z(u1, ..., un, un+1, τ) in (5.39). Here un+1 is an arbitrary solution of
(1.13) (with n replaced by n + 1) distinct from u1, ..., un. It is clear that the flows (5.39) are
compatible for such g2 and any g1 ∈ H. Moreover, Proposition 3 implies that the flows (5.39)
are compatible if we set g1 = Z(u1, ..., un, un+1, τ), g2 = Z(u1, ..., un, un+2, τ) for two arbitrary
solutions un+1, un+2 of (1.13).
All members of the hierarchy constructed in Proposition 7 possess a dispersionless Lax
representation of the form
Lt = {L,A}, (5.40)
where {L,A} = ApLx−AxLp, with common L = L(p, r
1, ..., rN). Define a function L(ξ, r1, ..., rN)
by the following system
∂αL = −
1
2pii
(
ρ(ξα − ξ)− ρ(ξα)
)
Lξ∂ατ, α = 1, ..., N. (5.41)
Note that the system (5.41) is in involution and therefore the function L(ξ, r1, ..., rN) is uniquely
defined up to inessential transformations L → λ(L). To find the function L(p, r1, ..., rN) one
has to express ξ in terms of p by (1.6) for k = 0 or by (4.29) for k > 0.
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Proposition 8. Let u1, . . . , un be arbitrary solution of (1.13). Then system (5.38) admits
the dispersionless Lax representation (5.40), where A = An,k is defined by (1.6) for k = 0 and
by (4.29) for k > 0.
Proof. Define A = An,k by (1.6) for k = 0 and by (4.29) for k > 0. Substituting A into
(5.40) and calculating Lt by virtue of (5.38), we obtain that (5.40) is equivalent to
∂iL =
∂iPn,k(g2, ξ) · Sn,k(g1, ξi)− ∂iPn,k(g1, ξ) · Sn,k(g2, ξi)
Pn,k(g2, ξ)ξ · Sn,k(g1, ξi)− Pn,k(g1, ξ)ξ · Sn,k(g2, ξi)
Lξ.
Taking into account (4.25),(5.41) and writing down Pn,k(gi, ξ)u1, ..., Pn,k(gi, ξ)un−k and Pn,k(gi, ξ)τ
in terms of Pn,k(g1, ξ)un−k+1, ..., Pn,k(g1, ξ)un by (4.27), (4.28), one can readily verify this equality.

Let us show that integrable (1+1)-dimensional systems (5.38) define hydrodynamic reduc-
tions for pseudopotentials and 3-dimensional systems from Sections 3 and 4.
In [10, 13, 19] a definition of integrability for equations (5.40), (1.2) and (1.1) is given in
terms of hydrodynamic reductions.
Suppose there exists a pair of compatible semi-Hamiltonian hydrodynamic-type systems of
the form
rit1 = v
i
1(r
1, ..., rN)rix, r
i
t2
= vi2(r
1, ..., rN)rix (5.42)
and functions ui = ui(r
1, ..., rN) such that these functions satisfy (1.1) for any solution of (5.42).
Then (5.42) is called a hydrodynamic reduction for (1.1).
Definition 1 [10]. A system of the form (1.1) is called integrable if equation (1.1) possesses
sufficiently many hydrodynamic reductions for each N ∈ N. ”Sufficiently many” means that
the set of hydrodynamic reductions can be locally parameterized by 2N functions of one vari-
able. Note that due to gauge transformations ri → λi(r
i) we have only N essential functional
parameters for hydrodynamic reductions.
Suppose there exists a semi-Hamiltonian hydrodynamic-type system (1.9) and functions
ui = ui(r
1, ..., rN), L = L(p, r1, ..., rN) such that these functions satisfy dispersionless Lax
equation (5.40) for any solution r1(x, t), ..., rN(x, t) of the system (1.9). Then (1.9) is called a
hydrodynamic reduction for (5.40).
Definition 2 [19]. A dispersionless Lax equation (5.40) is called integrable if equation (5.40)
possesses sufficiently many hydrodynamic reductions for each N ∈ N.
We also call the corresponding pseudopotential A(p, u1, ..., un) integrable.
Definition 3 [1]. Two integrable pseudopotentials A1, A2 are called compatible if the
system
Lt1 = {L,A1}, Lt2 = {L,A2}
possesses sufficiently many hydrodynamic reductions (5.42) for each N ∈ N.
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If A1, A2 are compatible, then A = c1A1 + c2A2 is integrable for any constants c1, c2.
Indeed, the system
rit = (c1v
i
1(r) + c2v
i
2(r)) r
i
x
is a hydrodynamic reduction of (5.40).
Definition 4. By 3-dimensional system associated with compatible functions A1, A2 we
mean the system of the form (1.1) equivalent to the compatibility conditions for the system
ψt2 = A1(ψt1 , u1, ..., un), ψt3 = A2(ψt1 , u1, ..., un). (5.43)
It is clear that any system associated with a pair of compatible functions possesses suffi-
ciently many hydrodynamic reductions and therefore it is integrable in the sense of Definition
1.
The following statement is a reformulation of Proposition 8.
Theorem 4. The system (5.38) is a hydrodynamic reduction of the pseudopotential An,k
defined by (1.6) if k = 0 and by (4.29) if k > 0. Recall that we use the notation Sn ≡ Sn,0, An ≡
An,0, Pn ≡ Pn,0.
Proposition 9. Suppose g1, g2, g3, h1, ..., hk ∈ H are linearly independent. Define pseu-
dopotentials A1, A2 by
A1 = Pn,k(g1, ξ), A2 = Pn,k(g2, ξ), p = Pn,k(g3, ξ).
Then A1 and A2 are compatible.
Proof. Note that the system (1.11)-(1.13), (5.41) does not depend on g1, g2, g3 and therefore
we have a family of functions L, ξi, ui, τ giving hydrodynamic reductions of the form (5.38) for
both A1 and A2. Moreover, according to Proposition 7 the systems
rit1 =
Sn,k(g1, ξi)
Sn,k(g3, ξi)
rix, r
i
t2
=
Sn,k(g2, ξi)
Sn,k(g3, ξi)
rix
are compatible. 
Remark 8. This result implies that 3-dimensional hydrodynamic type systems constructed
in Sections 3, 4 possess sufficiently many hydrodynamic reductions and therefore are integrable
in the sence of Definition 1.
Remark 9. Using Proposition 3, one can construct compatible pseudopotentials A1 and
A2 depending on different number of variables ui. Indeed, let g1, g3, h1, ..., hk ∈ H and g2 =
Z(u1, ..., un, un+1, τ). Then A2 depends on u1, ..., un, un+1, τ and A1 depends on u1, ..., un, τ
only.
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